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Abstract: In this paper, a cooperative optimization strategy is proposed for velocity planning and energy 

management of intelligent connected plug-in hybrid electric vehicles. Based on the established vehicle model, a 

mathematical analytical method is investigated to convert the driving cycles from the original time based profiles to 

the driving distance based speed values. Then, the iterative dynamic programming is exploited to achieve the 

synergistic optimization in terms of speed planning and power allocation of the vehicle with the consideration of gear 

shifting limits and speed fluctuation. To meet the requirement of trip duration limitation which may be violated due 

to autonomous speed planning, the terminal driving time is constrained by adding a time adjustment factor to the cost 

function. The simulation results suggest that the proposed strategy attains the collaborative optimization with high 

efficiency in terms of speed planning and driving power distribution. In addition, the proposed strategy leads to 

significant reduction of the energy consumption cost under the constraints of allowed speed variation ranges. 

Key Words: Collaborative optimization, energy management strategy, iterative dynamic programming, plug-in 

hybrid electric vehicles, termination constraints. 

 

Nomenclature 

Abbreviations 

A-ECMS adaptive equivalent fuel consumption minimization strategy 

BEVs battery electric vehicles 

BPNN back propagation neural networks 

CAV connected and automated vehicle 
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CD charge-depletion 

CS charge-sustaining 

DCT dual clutch transmission 

DP dynamic programing 

ECMS equivalent fuel consumption minimization strategy 

EMS energy management strategy 

GPS global positioning system 

HEVs hybrid electric vehicles 

HWFET highway fuel economy test 

ICE internal combustion engine 

IDP iterative dynamic programming 

IOVs internet of vehicles 

ISG integrated starter-generator 

ITS intelligent transportation systems 

LSTM long short time memory 

MECU mobile edge computation unit 

MPC model predict control 

NEDC new European driving cycle 

NN neural networks 

P-ECMS predictive equivalent fuel consumption minimization strategy 

PHEVs  plug-in hybrid electric vehicles 

PMP Pontryagin’s minimum principle 

RBFNN radial basis function neural network 

RL reinforcement learning 

SOC state of charge 

SQP sequential quadratic programming 

SVM support vector machine 

UDDS urban dynamometer driving schedule 

VCUs vehicle control units 

V2I vehicle-to-infrastructure 

WT wavelet transform 

Symbols 

reqP  required driving power of vehicle 

fF  rolling resistance 

wF  air resistance 

iF  slope resistance 

jF  acceleration resistance 
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m  vehicle mass 

g  gravity acceleration 

f  rolling resistance coefficient 

  slope of road 

DC  air resistance coefficient 

A  frontal area 

v  vehicle speed 

  rotational mass coefficient 

a  vehicle acceleration 

eP  engine power 

mP  motor power 

eT  engine torque 

mT  motor power 

mi  transmission ratio of torque synthesizer 

gi  transmission ratio 

T  average efficiency of the mechanical transmission system 

whr  wheel radius 

eb  fuel consumption rate 

B  fuel consumption of the engine per hour 

en  engine rotational speed 

  two-dimensional linear interpolation function 

e  engine efficiency at standard atmospheric pressure 

lowE  low calorific value of gasoline quality 

_m outP  output power when the motor is driving the vehicle 

whP  power of the driving wheels 

T  efficiency of the transmission system 

whT  torque of the driving wheels 

whn  rotational speed of the driving wheels 

_m inP  input power when the motor is driving the vehicle 

mn  rotational speed of the motor 

_ maxmP  max power of the motor 

m  motor efficiency 

bP  output power of the battery 

I  battery current 

U  terminal voltage of the battery 

E  battery electromotive force 

R  internal resistance of the battery 
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0SOC  initial value of state of charge 

bQ  battery capacity 

N  the number of steps 

r  grid midpoint 

s  initial grid size 

x  state variable 

u  control variable 

  the number of grid points for state variable 

  the number of grid points for control variable 

  initial compressing factor 

  restoration factor 

M  total iteration amount 

j  current iteration 

inR  initial control area 

R  current control area 

k  current step 

optu  the matrix that stores the optimal control variables 

optx  the matrix that stores the optimal state variables 

( )d k  the distance at step k  

( )eQ k  fuel consumption cost of each step 

fuel  unit price of fuel 

( )mQ k  electricity cost of each step 

elec  unit price of electricity 

( )u k  decision function at step k  

ev  the speed at the end of step k  

bv  the speed at the beginning of step k  

( )SOC k  the SOC value at step k  

k_max

q+1x  upper bounds of the state variables of the iteration q+1  

k_min

q+1x  lower bounds of the state variables of the iteration q+1  

k_opt

qx  optimal state variables of the iteration q  

k_opt

qu  optimal control variables of the iteration q  

k_max

qu  upper bounds of the control variables of the iteration q  

k_min

qu  lower bounds of the control variables of the iteration q  
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  contraction ratios of state variables 

  contraction ratios of control variables 

maxSOC  the SOC upper limits 

minSOC  the SOC lower limits 

( ( ))e_max eT n k  maximum values of engine torque at ( )en k  

( ( ))e_min eT n k  minimum values of engine torque at ( )en k  

( ( ))m_max mT n k  upper boundaries of the motor torque at ( )mn k  

( ( ))m_min mT n k  lower boundaries of the motor torque at ( )mn k  

( )brakeT k  mechanical braking torque 

maxi  the highest gear of the transmission 

min ( )v k  lower speed limit at step k  

( )maxv k  upper speed limit at step k  

( )mina k  minimum acceleration at step k  

( )maxa k  maximum acceleration at step k  

( )vn k  state transition of the speed from the beginning to the end 

( )gQ k  penalty cost of shifting at step k  

nan  a null value 

noG  optimal gear at the beginning of the next step 

cG  gear at the current step 

( )aQ k  penalty cost of speed fluctuation at step k  

noA  optimal acceleration at the beginning of the next step 

cA  current acceleration 

b  penalty value of speed fluctuation 

J  total cost 

( )L k  decision-making cost of each step 

t  time adjustment factor 

D  terminal distance 

ft  final time 

Q  corrected fuel consumption cost 

SOC  difference between the ending SOC of D-EMS and that of Co-EMS 

  gravity of fuel 

c  average charging efficiency of the whole trip 

 

1. Introduction 

Nowadays, electrification dominates the main development directions in vehicle industry, and battery electric 

vehicles (BEVs) and hybrid electric vehicles (HEVs) are two widely-accepted representatives of the existing 
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solutions. Due to insufficient charging facilities and so-called driving range anxieties in terms of BEVs, plug-in HEVs 

(PHEVs), as an extension of HEVs, remain intensively popularized because of the merged advantages of certain all-

electric driving mileages (functioned as BEVs) and preferable fuel economy by means of proper energy allocation 

(operated as HEVs) between battery and internal combustion engine (ICE). Nonetheless, the sophisticated powertrain 

inside of PHEVs complicates the design of control scheme, which, also referred to as energy management strategy 

(EMS), accounts for power allocation between different energy sources. Distinctly, EMS plays a critical role in fuel 

efficiency improvement of PHEVs and has been widely investigated by industry and academia. To date, a variety of 

algorithms have been proposed and employed in energy management of PHEVs, and they can be grouped into three 

types: rule based algorithms, optimization based algorithms and data driven based algorithms. 

Rule based strategies, as the name implies, can decide the operation modes and energy distribution scheme of 

power sources according to the characteristics of each component [1]. They can be further classified into deterministic 

rule strategies [2] and fuzzy rule strategies designed according to expert knowledge or engineering practice [3]. The 

advantages of rule based strategies are stable, robust, and easy to implement with less storage size and calculation 

intensity [4]. One typical rule based strategy for PHEVs is the ordinary charge-depletion/charge-sustaining (CD/CS) 

scheme [5]. Even various rule based strategies are spurred to improve the overall controlling performance; it is, 

however, still far from optimum, as the complex powertrain structures of PHEVs and incomplete knowledge of 

driving information lead to the difficulties of conducting proper energy allocation all the time by expert based rule 

strategies.  

Optimization based strategies can be categorized into global optimization strategies and instantaneous 

optimization ones. When the future driving conditions are known, and the entailed driving power is deterministic in 

advance, the energy management can be treated an optimal control problem, and thus be solved by global 

optimization strategies. As for instantaneous optimization strategies, they often determine the optimal energy 

distribution with the goal of minimizing fuel consumption or energy loss instantaneously, or in a short horizon, in the 

premise of satisfying the driving power requirements [6]. The main difference between these two kinds of strategies 

is apparent. The global strategies account for the overall operation range and exploit optimal theories to achieve the 

global optimization, while the instantaneous ones mainly focus on the local optimization effect sustaining in a short 

period or transform the global optimization problem into a local optimization target. Global optimization strategies 

can be represented by dynamic programing (DP) [7], Pontryagin’s minimum principle (PMP) [8] and quadratic 

programming [9]. The conventional instantaneous optimization algorithms include the equivalent fuel consumption 

minimization strategy (ECMS) [10], its extensions (such as adaptive ECMS (A-ECMS) and predictive ECMS (P-
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ECMS)), model predictive control (MPC) [11] and reinforcement learning (RL) [12]. Ref. [13] compares different 

route-based EMSs for PHEVs based on different levels of trip information obtained through intelligent transportation 

system (ITS) and global positioning system (GPS). In it, A-ECMS and MPC are employed to split the power, 

respectively; followed by the optimal SOC planning based on known trip information. Ref. [14] builds up a novel 

hierarchical MPC based energy management framework, in which the wavelet transform (WT) and the radial basis 

function neural network (RBFNN) are employed cooperatively to achieve the speed prediction, and then the MPC is 

applied to deliver instantaneous energy allocation. Ref. [15] attempts to improve the robustness of EMSs with the 

combination of machine learning and the optimal EMS, and the reinforcement learning method is employed to devise 

a predictive EMS. Through building the transition probability function under different driving cycles, the Q-learning 

algorithm, as a representative of reinforcement learning algorithms, is successfully applied to attain the energy 

management optimization [16]. Additionally, deep reinforcement learning is also advanced to tackle the energy 

management of PHEVs [17]. 

With the development of communication technologies and data processing capabilities, connected and 

automated technologies have emerged to further promote fuel savings of PHEVs. Mechatronics and new informatics 

are integrated by these enabling technologies to provide more inputs for improving the fuel economy and operation 

efficiency of PHEVs [18]. In this context, the operation state of vehicles and the road information can be easily shared 

among drivers, manufacturers and transport segment [19].As such, data driven methods have increasingly emerged 

to excavate the hidden laws existing in energy management schemes. Typical solution manners include neural 

networks (NN), such as back propagation NN (BPNN) [20], Elman NN [21], feedforward NN [22] and long short 

time memory (LSTM) [23], support vector machine (SVM) [24] and regression methods [25]. In fact, the essence of 

data driven methods is to probe into the hidden rules of offline optimal solutions by linear/ nonlinear data fitting or 

regression technologies, thus transforming the offline results into online principles with a cluster of deterministic 

expressions or a black-box model [26]. Obviously, they are time-consuming when conducting training, and 

furthermore massive storage space requirement and burdensome calculation intensity are usually indispensable. 

Additionally, as the connected PHEVs can realize autonomous driving and speed planning with the development of 

internet of vehicles (IOVs) and ITS [27]. Under this circumstance, the detailed road information cannot only be 

accessed by PHEVs to promote energy management performance, but provide opportunities for speed planning 

owing to the ease of accessing surrounding driving information. This undoubtedly supplies a potential opportunity 

to further improve fuel economy of PHEVs. A body of researches have been spurred to investigate speed planning 

individually or along with energy management [28]. With the assumption of acquiring driving route ahead of 
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departure, Ref. [29] formulates the fuel consumption function with the horizontal input of driving distance (referred 

to as space domain), rather than in time domain (meaning that the horizontal input is time), and then minimizes the 

fuel cost by DP. Due to the complex constraints and nonlinear cost function, Ref. [30] adopts DP to cope with the 

speed limit caused by front vehicles and road limitations, and successfully solves out the optimal speed profile. In 

[31], a subsection optimization method is imported to achieve the lowest energy consumption of vehicle in a certain 

time and distance interval with the reduced computation amount. Ref. [32] considers the constraints in terms of gear 

shifting, speed limit and ramp, and exploits an improved PMP to optimize the speed profile, thereby reducing the 

calculation time and attaining the approximate optimal solution. 

For joint optimization, usually, the controller is hierarchically divided into two layers: the vehicle layer (also 

called the external layer) where the speed curve is autonomously planned by the target vehicle based on the specific 

driving environment, and the powertrain layer (the inner layer) where the energy is allocated among power sources 

under the planned speed curve. The external layer is implemented to find the optimal speed curve subject to the 

constraints including traffic signal timing and following distance. Then, the optimized speed curve will be referred 

to facilitate the energy distribution in the inner layer. By assuming that the target vehicle closely follows the traffic 

flow, Ref. [33] proposes a speed optimization method that enables the vehicle to first accelerate and then decelerate 

in the controlling time domain. Ref. [34] proposes an integrated interconnected eco-driving algorithm to plan the 

optimal speed trajectory with smooth acceleration, which contributes to power distribution in each predicted time 

domain. In [35], a data-driven hierarchical EMS is proposed, which includes the optimal state of charge (SOC) 

planning and powertrain control of PHEVs. To generate the reference trajectory, the SOC curve is planned based on 

a variety of historical optimal SOC trajectories. Then, the ECMS is applied to properly allocate the energy distribution. 

Although the hierarchical optimization can reduce the computation cost during the control process, the coupling 

relationship between vehicle speed and torque distribution is not properly tackled during optimization, and thus the 

collaborative optimization of speed planning and torque distribution cannot be attained. The research from the 

Department of Energy, United States, reveals that more fuel savings can be anticipated if the vehicle-level and 

powertrain-level control can be optimized concurrently [36]. With the help of preview traffic information, Ref. [37] 

optimizes the power split ratio and speed trajectory simultaneously based on PMP. To further improve the fuel 

efficiency, the sequential quadratic programming (SQP) [38] and MPC are applied synthetically to plan the speed 

trajectory and energy allocation according to the rolling updated traffic information [39]. 

Typically, when all operating conditions are deterministic, DP can be exploited to achieve global optimization 

of energy management. However, the computation cost and memory storage requirement required by DP highly 
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depend on the discretization degree of state variables and control (action) variables. The cost and size will increase 

extremely (usually exponentially) with the dimension augment of variables. Obviously, DP is not suitable for 

optimizing nonlinear control problems with multiple state and control variables. To cope with this shortcoming, Ref. 

[40] proposes an iterative dynamic programming (IDP) algorithm which is proved efficient when solving 

optimization problems with high-dimensional nonlinear continuous inputs/outputs. The IDP can discretize the 

continuous systems based on time and space domain, and all state variables can be divided into a group of grids 

corresponding to the feasible values of control variables in different domain. The iteration actions are applied to 

compensate the system error caused by discretization, and the algorithm uses relatively sparse discrete control 

variables to avoid heavy computation cost during each iteration. By this manner, the optimal control sequence can 

be attained through a few of iterations to approximate the global optimal solution. In [41], IDP is harnessed to obtain 

the optimal control trajectory for a specified driving cycle. During the iterative process, an improved shifting strategy 

is designed to trade off fuel economy and driving performance. Ref. [42] proposes a novel cooperative EMS for 

PHEVs. According to the collected traffic information, the optimal battery SOC trajectory is efficiently planned by 

the IDP in MECUs, and subsequently the MPC is employed in on-board VCUs to resolve the final energy 

management by tracking the designed SOC trajectory. Ref. [43] applies the IDP method to the dynamic optimal 

control of HEV within an NMPC framework. The exploited IDP integrates a novel iteration manner into the 

conventional DP, thereby delivering an approximate optimal solution with better operation efficiency. To reduce the 

calculation complexity, the control problem is partitioned into a fast search for the velocity trajectory design (first 

order IDP) and the torque distribution (third order IDP). As can be found, the torque distribution is always attained 

after the velocity planning. Obviously, the method shows certain similarity with the hierarchical optimization. 

Furthermore, a cumbersome challenge lies in that the space domain solution proposed in [43] cannot satisfy the 

requirement of the constrained terminal driving time. 

In summary, there exists seldom research, to the authors’ knowledge, on how to coordinately optimize 

autonomous speed planning and energy management to further promote energy savings of connected PHEVs. This, 

therefore, becomes the main research focus in this study. Actually, the cooperative optimization is a dual variable 

optimization problem with an accumulated target (fuel economy maximization) and subject to a series of restrictions, 

such as speed and driving duration limitation. The current mainstream output is supplied based on the space domain, 

followed by time domain and time-space based solutions. In this study, the collaborative optimization is continually 

conducted in space domain, including autonomous speed planning and energy distribution under speed limit 

conditions. To attain it, a mathematical method is proposed to convert the speed limit based driving contour in time 
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domain into that in space domain. Then, the IDP is employed to achieve the collaborative optimization for connected 

PHEVs. However, the space domain solution usually cannot satisfy the constrained terminal driving time. To cope 

with it, an adjustment factor is introduced to ensure reaching the destination with the preset driving duration. Finally, 

the simulation results highlight the feasibility of the proposed collaborative optimization scheme in terms of speed 

planning and energy management. The main contributions of this study can be attributed to the following three 

aspects: 1) a mathematical analytical method is proposed to directly convert the time-domain speed limit condition 

into the non-uniform discrete speed demand in space domain; 2) the IDP is efficiently applied in speed planning and 

energy management of connected PHEVs; 3) an effective adjustment algorithm is introduced to ensure that the trip 

during resulted from speed planning meet the preset threshold. 

The remainder of this paper is organized as follows: In Section II, the powertrain structure and system model 

are detailed. In Section III, the collaborative optimization strategy is built based on IDP in space domain, and the 

method of terminal state constraint is investigated. The simulation validations are carried out in Section IV. Finally, 

the main conclusions are drawn in Section V. 

 

2. Powertrain structure and system model 

In this paper, a parallel PHEV is targeted as the research object, of which the powertrain topology is shown in 

Fig. 1, where an engine and an integrated starter-generator (ISG) are coaxially connected. There exists a dual clutch 

transmission (DCT) between the motor and the main reducer. By controlling the engagement/ disengagement of the 

main clutch as well as the status of engine and motor, six operating modes can be defined, including pure electric 

driving, engine driving, hybrid driving, driving charging, parking charging and regenerative braking [44]. To design 

the co-optimization strategy, the vehicle longitudinal dynamics and the main powertrain component modeling need 

to be addressed. 

Motor 

controller
Battery

BMS

Engine

Circuit connection

CAN bus

Main reducer

Differential

VCU

Clutch

ECU

Transmission 

controller

 
Fig. 1. Powertrain system of parallel plug-in hybrid electric vehicle. 
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2.1. Vehicle Longitudinal Dynamic Model 

The tractive force ordered by the driver is transmitted to wheels to overcome the driving resistance. The required 

driving power of vehicle reqP  can be formulated as: 

 ( )
3600

req f w i j

v
P F F F F= + + +   (1) 

 ( )req e m TP P P = +   (2) 

where the rolling resistance cosfF m g f =    , the air resistance 
2

=
21.15

D
w

C A v
F

 
, the slope resistance 

= siniF m g   , the acceleration resistance =jF m a   , m  expresses the vehicle mass, g  is the gravity 

acceleration and equals 9.8 m/s2, f  represents the rolling resistance coefficient,   indicates the slope of road, 

DC  expresses the air resistance coefficient, A  denotes the frontal area, v  is the vehicle speed,   expresses the 

rotational mass coefficient, a  denotes the vehicle acceleration, 
eP  indicates the engine power, 

mP  represents the 

motor power. The tractive force transmitted to wheels can be calculated as: 

 
( )e m m g T

t

wh

T T i i
F

r

+  
=  (3) 

where 
eT  denotes the engine torque, 

mT  indicates the motor power, 
mi  denotes the transmission ratio of torque 

synthesizer, gi  expresses the transmission ratio, 
T  is the average efficiency of the mechanical transmission 

system, and 
whr  represents the wheel radius. 

2.2. Engine model 

In this study, a fuel consumption model is used to characterize the fuel consumption rate of the engine. It is 

obtained by interpolating the experimental data with the steady-state operation data. The current fuel consumption 

rate can be obtained by interpolation of engine torque and rotational speed, as shown in Fig. 2. The engine fuel 

consumption rate can be calculated by: 

 1000e

e

B
b

P
=   (4) 

where eb  expresses the fuel consumption rate (unit: g/(kW·h)), and B  denotes the fuel consumption per hour (unit: 

kg/h). The engine power 
eP  can be formulated, as: 

 
9550

e e
e

T n
P


=  (5) 
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where 
en  represents the engine rotational speed. From (4) and (5), the fuel consumption rate can be calculated, as: 

 
9550000

( )

e

e e

e e

B
b

T n

T n

=


= 

 (6) 

where   denotes a two-dimensional linear interpolation function in terms of engine torque and rotational speed, as 

shown in Fig. 2. 
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Fig. 2. Engine consumption model. 

2.3. ISG model 

The ISG can convert either electric energy exported from the battery to mechanical energy to drive the vehicle, 

or the mechanical energy generated during braking to electric energy. The motor model mainly includes the external 

rotational speed/torque characteristics and the operation efficiency, both of which are calibrated in the testbed. The 

maximum power curve can be acquired based on the torque and rotational speed variation, as shown in Fig. 3 (a). 

The motor efficiency model can be expressed as a function of motor torque and rotational speed fitted by the spline 

interpolation, as shown in Fig. 3 (b). The motor power can be calculated, as: 

 
_

9550

wh wh wh
m out

T T

P T n
P

 


= =  (9) 

 _
9550

m m
m in

T n
P


=  (10) 

 _ max _ _max( , )m m out m inP P P=  (11) 

where _m outP  expresses the outputted power propelling the vehicle, 
whP  denotes the demanded power on the wheel, 

T  is the transmission efficiency, whT  represents the wheel torque, whn  denotes the rotational speed of wheels, 

_m inP  expresses the inputted power when the motor drives the vehicle, mn  denotes the rotational speed of the motor, 

and _ maxmP  expresses the maximum power of the motor. Consequently, combining (9) and (10), the motor efficiency 

m  can be calculated, as: 
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Fig. 3. ISG model. (a) ISG external characteristic curve; (b) ISG efficiency. 

2.4. Battery model 

In this study, a simple but effective resistance model is adopted to describe the battery’s electric performance, 

as widely employed in literature [45]. The battery’s electromotive force and internal resistance are mainly affected 

by SOC and temperature. However, only the influence from SOC is considered in this paper for simplicity, and the 

temperature and aging influence is neglected. By means of interpolation fitting, the test data from the hybrid pulse 

power characterization experiment is utilized to generate an empirical model that can describe the relationship about 

the internal resistance and electromotive force with regard to SOC, as shown in Fig. 4. 
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Fig. 4. The electromotive force and internal resistance of battery. (a) Electromotive force; (b) Internal resistance. 

When the battery is discharged, the batter output power 
bP  is: 

 bP I U=   (13) 

where I  is the battery current, and U  denotes the terminal voltage of the battery. According to the Kirchhoff’s 

law, the terminal voltage of the battery U  can be calculated by: 

 U E I R= −   (14) 

where E  denotes the battery electromotive force, and R  represents the internal resistance. According to (13) and 

(14), I  can be calculated, as: 
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2

bE E RP
I

R

− −
=  (15) 

The battery SOC is an important parameter that reflects the battery’s remaining capacity and can influence the 

energy management performance to a large extent. In this paper, the ampere-hour integration method is employed to 

calculate the SOC [46], as: 

 0
0

( )
( )

t

b

I t dt
SOC t SOC

Q
= −


 (16) 

where 
0SOC  represents the initial value of SOC, and 

bQ  indicates the battery capacity.  

Based on the detailed modeling preparation, the proposed cooperative optimization framework will be 

elaborated to achieve both the speed planning and energy management. 

 

3. Design of collaborative optimization algorithm 

When designing the EMS, two assumptions are made in this study, including that 1) the speed limit information 

of vehicle can be acquired online due to the network connected property of the studied PHEV, and 2) the speed can 

be independently planned during driving. By determining the decision function, state transfer function, constraint 

condition and the objective function, the co-optimization of speed planning and torque distribution is tackled to 

optimize the fuel economy under speed restrictions. The framework of the proposed EMS is sketched in Fig. 5. As 

can be found, the IDP is exploited based on the given speed limitations and the constructed PHEV model to supply 

the optimized velocity and torque distribution. 
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Fig. 5. Framework of the proposed collaborative optimization EMS. 
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3.1. Iterative dynamic programming 

Given the deterministic global speed curves, DP, as an effective global optimization algorithm, has been widely 

leveraged in energy management of PHEVs. However, due to the intensive computation labor and large storage 

requirement, it is intractable to directly apply DP to conduct the co-optimization work. To accelerate the optimization 

and lessen the exponentially increased storage size, the IDP is introduced by reducing the searching grid of optimal 

trajectory to attain the same, or approximate, optimization effect, as shown in Fig. 6. The application of IDP algorithm 

includes the following steps [43]: 

Step l: Averagely partition the problem into N  stages; 

Step 2: Choose the grid midpoint r , the initial grid size s , the number of grid points   and   for the state 

variable x  and control variable u , and determine the initial compressing factor  , the initial control area 

inR  and the restoration factor  ; 

Step 3: Determine the total iteration amount M , and set the ordinal number of current iteration 1j = ; 

Step 4: Set the current control area 
q-1

inR = R ; 

Step 5: Calculate the state values ( )x k  of other stages according to the initial stage’s state; 

Step 6: Solve the optimal control command of each period from the first stage and set the current stage 1k = N − . 

Select p  evenly in the control area for each control variable to comprise the current control strategy. Use 

the initial state ( )x k  of current stage and the optimal control strategy of subsequent stages to calculate the 

states of the subsequent stages and acquire the performance indexes. Select the control strategy corresponding 

to the smallest cost function as the optimal control strategy ( )u k  at the current stage by comparing different 

performance indexes. Set 1k k= − , and complete the iteration when 0k = . Store the control strategy of the 

current iteration in optu  and the corresponding state trajectory in optx ; 

Step 7: Reduce the control area of the control variables R R=  , and increase the ordinal number of iterations:

1j j= + . When j M , go to step 2 and adjust the grid range of the state variable and control variable.  

When j M= , terminate the iteration. 

It can be seen from the above steps that the calculation procedure of IDP is basically the same as that of 

conventional DP. It starts by calculating the optimal cost function at the last stage, then step by step solves the 

accumulated cost function backward. The solution of each stage is determined based on the minimum result of the 

cost function. 



 

16 

 

Start

Define the parameters

Calculate and store the optimal 

control strategy at step k

k=k-1

k=0?

Determine the optimal state according stored control 

strategy (vector) with appropriate interpolation at step k

k=k+1

Store the optimal state trajectory 

and control strategy of iteration j

k=N+1?

j=j+1

Adjust the grid ranges  of the state 

variable and control variable

Endj=m?

N

Y

N

Y

Y

N

 
Fig. 6. The calculation process of IDP. 

3.2. Analysis of co-optimization problem 

In view of the co-optimization of speed planning and torque distribution, as most of researches are focused on 

tackling the fuel consumption minimization in a specific trip, it is more instinctive to consider and solve the problem 

in space domain. However, the supplied speed information is usually with the horizontal axis of time. For ease of 

conducting the optimization, firstly, the driving cycle needs to be transferred from time domain to spatial domain 

[47]. Taking the new European driving cycle (NEDC) as an example, it is in time domain and only provides the speed 

value at the end of each second and the acceleration in each second. If the speed at the end of each second is regarded 

as a constant during the interval, then the step change of the speed will be incurred. Furthermore, Ref. [48] shows 

that the length of each stage of uniform dispersion generates certain influence on accuracy of the obtained space 

domain operating conditions. On this account, this study proposes a mathematical method that directly converts the 

time domain conditions to the non-uniform discrete space domain operating conditions. The distance of each stage 

in the space domain driving cycle is consistent with the distance of each stage in the corresponding time domain. By 

doing so, it can generate proper discrete operating conditions, and the distance of each stage can be obtained by: 

 
( ) ( 1)

( 1) ( )
2

v k v k
d k d k

+ +
+ = +  (17) 

where ( )d k   and ( 1)d k +   are the distance at step k   and 1k +  , ( )v k   and ( 1)v k +   are the speed at step k  

and 1k + , respectively. Note that the direct space domain discretization cannot deal with the situation when the 

speed is zero. To tackle it, during the conversion process, the speed commands equaling zero in time domain driving 

cycle need to be removed first. Then, the points with zero speed in the corresponding position needs to be refilled 



 

17 

 

after the solution is solved. The schematic diagram of the NEDC in space domain is shown in Fig. 7. As can be found, 

there exist obvious difference between the speed contours. 
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Fig. 7. The NEDC cycle under the time and space domain. (a) The time domain after removing the point where the velocity is 

zero; (b) The space domain which is non-uniformly discrete. 

 

As mentioned before, this paper aims to simultaneously optimize the vehicle speed and energy distribution ratio, 

where the energy distribution can be regarded as the torque distribution, as after determining the engine torque, the 

whole torque distribution can be assigned correspondingly. Actually, the vehicle speed is correlated with the vehicle 

acceleration. As such, the acceleration and engine torque are chosen as the control variables. In addition, the fuel 

consumption cost and electric energy consumption cost are related to the rotational speed, as: 

 
( )

( )
3600 3600 1000 9550

fuel fuel e e e

e

B k b T n
Q k

    
= =

 
 (15) 

 ( )
3600

elec m m
m

T n
Q k

  
=  (16) 

where ( )eQ k  represents the fuel consumption cost at step k , fuel  is the unit price of fuel, ( )B k  denotes the 

fuel consumption of the engine per hour, ( )mQ k   expresses the electricity cost, and elec   is the unit price of 

electricity. Among them, the rotational speed can be influenced by the gear ratio, as: 

 
0.377

g

e m

wh

v i
n n
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
= =


 (17) 

where gi  denotes the transmission ratio, which should also be controlled during the solving process. Thus, the 

engine torque eT , the transmission ratio gi  and acceleration a  are selected as the control variables. In addition, 

the speed and SOC are both selected as the state variables, and the state transition function can be expressed as: 

 

2

( )
( 1) ( )

( 1) 2 ( ) ( ) ( )

b

I k
SOC k SOC k

Q

v a k d k v kk


+ = −




+ =   +

 (18) 
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where ( )SOC k   and ( 1)SOC k +   indicate the SOC value at step k   and 1k +  . ( )I k   expresses the battery 

current at step k , 
bQ  indicates the battery capacity, ( )v k  and ( 1)v k +  indicate the speed value at step k  and 

1k + , ( )a k  denotes the current acceleration at step k . In the first iteration, the optimal trajectory is calculated in 

the low-precision control grids and state grids. The generated trajectory will be used as the grid’s center for 

subsequent iterations. It should be noted that the grid size gradually increases in each iteration. Thus, the interval 

between grid points is reduced, and the grid becomes smoother in each iteration. The related functions for adjusting 

the grid size of state variables and control variables can be expressed as: 
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where 
k_max

q+1x  and 
k_min

q+1x  represents the upper and lower bounds of the state variables in step k  of iteration q+1 , 

_k max

qu   and 
k_opt

qu   denote the optimal state variables and the optimal control variables in step k   of iteration q  , 

k_max

qu  and 
k_min

qu  express the upper and lower bounds of the control variables in step k  of iteration q ,   and   

are contraction ratios of state variables and control variables. In addition, the following constraints should be satisfied, 

as: 
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 (20) 

where maxSOC  and minSOC  are the SOC upper and lower limits which are set to prevent overcharge and over 

discharge of the battery, ( )en k  denotes the engine’s rotational speed at step k , ( ( ))e_max eT n k  and ( ( ))e_min eT n k  
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express the maximum and minimum values of engine torque at ( )en k , ( )mn k  indicates the motor’s rotational speed 

at step k  , ( ( ))m_max mT n k   and ( ( ))m_min mT n k   represent the upper and lower boundaries of the motor torque at 

( )mn k  , ( )brakeT k   expresses the mechanical braking torque, 
maxi   denotes the highest gear of the transmission, 

min ( )v k  and ( )maxv k  are the lower speed limit and upper speed limit at step k , min ( )a k  and max ( )a k  represent 

the minimum acceleration and the maximum acceleration at step k , ( )vn k  denotes the state transition of the speed 

from the beginning to the end of step k , ( 1)minv k +  and ( 1)maxv k +  indicate the lower speed limit and the upper 

speed limit at step 1k + . Moreover, in the process of decision-making of the control variables, the frequent shifting 

limit of transmission and frequent fluctuation limit of vehicle speed should also be considered, as: 
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where ( )gQ k  denotes the penalty cost of the gear shifting at step k , nan  indicates a null value, noG  represents 

the optimal gear at the beginning of the next step, cG  expresses the gear position at the current step, and 0.000119 

denotes the shifting penalty value determined by trial-and-error. The speed frequent fluctuation limit is detailed as: 
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where ( )aQ k  expresses the penalty cost of speed fluctuation at step k , noA  indicates the optimal acceleration at 

the beginning of next step, cA   represents the current acceleration, and b   denotes the penalty value of speed 

fluctuation. For the collaborative optimization of PHEV, the limiting condition is speed constraints. Actually, the 

optimization goal is to attain the optimal comprehensive energy consumption economy at all steps in the premise of 

meeting the speed constraints. The expression of its objective function can be formulated, as: 

 1

= ( ( ), ( ))

( ) ( ( ) ( ) ( ) ( )) ( )

N

k

e m g a

J L x k u k

L k Q k Q k Q k Q k t k

=




 = + + + 


 (23) 

where J  expresses the total cost, and ( )L k  denotes the decision-making cost of each step. 

3.3. Terminal state constraint 

The collaborative algorithm can achieve the optimal comprehensive energy consumption economy with the 

speed and acceleration limits, however the cost optimization is not the only purpose of the solution. To exhibit 

practical significance, it should meet all the terminal state constraints which includes driving time and driving 
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distance. By considering the problem with constraints in three dimensions (time, distance and velocity), Ref. [49] 

initially proposes a three-dimensional method with high computational cost to solve this constraint problem. To 

reduce the calculation time, the problem is resolved by a two-dimensional method [50]. By searching all possible 

vehicle speed solutions at each step, finding the optimal speed trajectory and adding the time adjustment factor 
t  

to the cost function, all the limits of time, distance and speed can all be satisfied. For the space domain solution, its 

terminal time needs to be constrained. Therefore, the cost function can be reformulated, as: 

 ( ) ( ( ) ( ) ( ) ( )+ ) ( )e m g taL k Q k Q k Q k Q k t k= + + +   (24) 

Each 
t   is with an associated terminal time, and when the terminal time is fixed, 

t   is uniquely determined. 

According to the first order optimality conditions, the adjoint state of 
t  can be defined, as: 

 
( )

= 0t

L k

t



=


 (25) 

where t  is a constant. The terminal time constraint of the vehicle can be satisfied by calculating t , as: 

 ( ) ft D t=  (26) 

where D  denotes the terminal distance, and ft  indicates the final time. The method of adjusting 
t  is similar to 

the method of solving the zero point of function based on the dichotomy algorithm [51].  

 After preparing the state and control variables, the cost function and the termination conditions, the IDP is 

employed to conduct the simulation to validate its feasibility. 

 

4. Simulation validation 

In this study, the simulation is conducted in MATLAB/Simulink to verify the feasibility of the proposed co-

optimization strategy. Since the main advantage of the proposed strategy is the collaborative optimization of speed 

and torque distribution, it is necessary to conduct the systematic and comprehensive validations under three working 

modes of PHEVs. 1) All-electric mode: in this mode, the vehicle completes the trip mainly by the electric energy, 

and the engine only works when the motor power cannot meet the torque demand. 2) Charge sustaining mode: the 

battery is near the lower threshold of SOC at the beginning of trip, and the SOC is allowed to fluctuate in a small 

range. 3) Blended mode: the battery starts with a high initial SOC, and the driving distance is long. However, the 

electric energy in the battery cannot meet the whole trip demand, and the engine is required to participate in propelling 

the vehicle in this mode. 
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The all-electric mode and charge-sustaining mode are similar to the working scheme of BEVs and HEVs. A 

special driving cycle (called CHDC in this study) introduced in [37] is selected as a reference, and it is converted 

into the driving cycle in space domain according to the method detailed in Section III. As the purpose of this paper 

is to achieve simultaneous speed planning and torque distribution under specific speed limit conditions, the speed 

upper and lower limit determination is only to simulate the actual conditions when driving on real roads, and the 

boundary width is not the focus of this paper. The setting method of the speed limits is similar to that in [52]. The 

upper limit of speed is 1.1 times larger than the standard value, and the lower limit is 90% of the standard value. Fig. 

8 (a) shows the simulation speed profiles. Under the blended mode, a longer driving cycle needs to be selected to 

better examine the performance of the proposed strategy, and in this case, 5 consecutive NEDC cycles are continually 

simulated. The upper limit is set to 0.5 m/s above the normal value, and the lower limit is set to 0.5 m/s below the 

normal value, as shown in Fig. 8 (b). Note that although the discussed two driving cycles are selected as the basic 

working conditions, the adaptability of the proposed collaborative strategy in other driving cycles will be further 

addressed in the following study. 
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Fig. 8. Driving cycles. (a) All-electric mode and charge sustaining mode driving cycles; (b) Blended mode driving cycle. 

As introduced in Section III, the stages are discretized according to the driving distance, and the distance of each 

stage is consistent with that in the corresponding time domain. The number of iterations is set to 15, the constant 

number of grid points is set to 7 for SOC, and the step-size of discretization for velocity is set to 0.2 m/s. For the 

NEDC cycle, the energy consumption cost over iteration for different contraction factors is shown in Fig. 9. It can be 

found that the objective function decreases with iteration, the global minimum can be obtained after 10 iterations 

most of the time. Besides, the contraction rate of 0.3 can achieve the optimal performance for the current driving 

cycle. Moreover, the impact of the contraction rates on the computational time of the IDP is analyzed, as shown in 

Fig. 10. As can be found, the computation duration increases exponentially with the increase of the contraction rate. 

Even so, the maximum computation is less than 400 s, which is accepted for practical applications. Note that as the 
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IDP is only employed in this study to attain the collaborative optimization and the algorithm itself is not our research 

focus, the impact of other parameters on the calculation time is not addressed with much detail.  
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Fig. 9. Energy consumption cost over iteration number for different contraction rates. 
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Fig. 10. Computational time for different contraction rates. 

 

4.1. Validation under the all-electric mode  

The simulation results of the collaborative optimization strategy under the all-electric mode is shown in Fig. 11. 

The initial SOC is set to 0.7, and the contract rate is set to 0.38. As can be seen from Fig. 11 (a), the speed planned 

by the collaborative optimization strategy will accelerate before the CHDC speed increases, and it will continue to 

decelerate after the CHDC speed deceleration stops. This proposed planning method can ensure that the driving motor 

works in the high-efficiency area without extra load during acceleration, and more braking energy can be recovered 

during deceleration. The solution speed curve is smoother than the CHDC speed curve, and distinctly the solution 

speed shows a close tendency to the desired speed curve. Moreover, the torque distribution of vehicle is shown in 

Fig. 11 (b). All the energy consumed under the all-electric mode comes from the battery. In conclusion, each control 

command can positively contribute to cooperative control.  

To further evaluate the performance of the proposed strategy, the energy consumption cost is investigated with 

the following three EMS: 1) D-EMS, which is the deterministic EMS based on DP in the selected driving cycle [7], 
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2) Co-EMS (Unconstrained), which is the proposed cooperative optimization strategy based on IDP without the 

terminal state constraint, and 3) Co-EMS (Constrained), which is the proposed cooperative optimization strategy 

based on IDP with the terminal state constraint. Note that as the D-EMS is widely adopted in energy management of 

PHEVs, here the detailed introduction about D-EMS is not elaborated in this paper but can be found in [7] and the 

references therein. Taking the initial SOC of 0.7 as an example, the specific energy consumption cost based on the 

three strategies is compared in Table 1. As can be seen, compared with the D-EMS, the Co-EMS (Unconstrained) 

can save 14.77% energy consumption while promoting the time loss of 7.92%, and the Co-EMS (Constrained) can 

save 12.75% energy consumption with the time augment of 0.25%. Despite the consideration of terminal state 

constraint leading to slight increase of the energy consumption cost, the cooperative optimization strategy highlights 

superior comprehensive energy consumption economy, and it can reach the destination within the allowed time, 

proving its feasibility. 
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Fig. 11. Simulation results under the all-electric mode. (a) Solution speed; (b) Torque distribution. 

Table 1 Comparison of energy consumption cost under the all-electric mode with the initial SOC of 0.7. 

Control strategy Electric Cost (CNY) Total Cost (CNY) Distance (m) Time (s) 

D-EMS 0.149 0.149 2136 159.0 

Co-EMS (Unconstrained) 0.127 0.127 (↓14.77%) 2136 171.6 (↑7.92%) 

Co-EMS (constrained) 0.130 0.130 (↓12.75%) 2136 159.4 (↑0.25%) 

 

4.2. Validation under the charge sustaining mode 

Fig. 12 shows the simulation results of the collaborative optimization strategy under the charge sustaining mode. 

The initial value and expected final value of SOC are both set to 0.3, and the contraction rate is set to 0.42. As can 

be seen from Fig. 12 (a), compared with the speed under the all-electric mode, the speed under the charge sustaining 

mode shows larger fluctuation, and the planned speed shows similar variation trend during acceleration and the 

sliding segment. In summary, the planned vehicle speed includes a relatively large acceleration, which is beneficial 

for keeping the engine load stable and improving its working efficiency. In addition, smooth deceleration can attain 
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the reasonable maintenance of electric energy. As can be seen from Fig. 12 (b), the torque of engine and motor is 

relatively stable, and these two power sources can work harmoniously. Moreover, the SOC varies gently throughout 

the trip and reaches the expected final value at the end of trip. In general, the proposed strategy under the charge 

sustaining mode can better realize the cooperative control, and the torque distribution between two energy sources is 

more proper. As the ending SOC of D-EMS and Co-EMS cannot be exactly the same when their costs are compared 

under the charge sustaining mode, the fuel consumption of D-EMS is corrected by the equivalent fuel cost, as: 

 ( )b e fuel cQ = SOC Q b g /          (31) 

where Q  denotes the corrected fuel consumption cost, SOC  indicates the difference between the ending SOC 

of D-EMS and that of Co-EMS,    denotes the gravity of fuel and equals the product of density and gravity 

acceleration, 
c  expresses the average charging efficiency of the whole trip, which is acquired by calculating the 

ratio of the motor and battery power at all charging points. Table 2 lists the energy consumption cost based on the 

three strategies. As can be seen, compared with the D-EMS, the Co-EMS (Unconstrained) saves 13.22% energy 

consumption but improves the driving duration by 4.84%, and the Co-EMS (Constrained)) saves the energy 

consumption by 12.42% and the time cost by 0.82%. Even the energy consumption cost saved by the cooperative 

optimization strategy under the charge sustaining mode is slightly less than that under the all-electric mode, the 

preferable energy consumption and time cost still manifest the feasibility of the proposed co-optimization algorithm.  

Table 2 Comparison of energy consumption cost under the charge sustaining mode with the initial SOC of 0.3. 

Control strategy Ending SOC Corrected Cost (CNY) Distance (m) Time (s) 

D-EMS 0.2992 0.628 2136 159.0 

Co-EMS(Unconstrained) 0.2993 0.545 (↓13.22%) 2136 166.7 (↑4.84%) 

Co-EMS(Constrained) 0.2990 0.550 (↓12.42%) 2136 160.3 (↑0.82%) 
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Fig. 12. Simulation results under the charge sustaining mode. (a) Solution speed; (b) Torque distribution. 

4.3. Validation under the blended mode 

Fig. 13 shows the simulation results under the blended mode when the initial SOC is set to 0.7. As can be seen 
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from Fig. 13 (a), the solving speed tends to be higher than the NEDC profile when the overall speed limit is less than 

10 m/s. However, when the speed limit values are higher than 10 m/s, the speed curve gradually follows the speed 

lower limit. The achieved speed curve helps to ensure that the engine can work under a relatively moderate load. Fig. 

13 (b) shows the torque distribution of the vehicle and the SOC trajectory. As can be found, the SOC changes 

uniformly throughout the trip and falls near the lower limit value of SOC at the end of the trip. The proposed strategy 

under the blended mode can realize the cooperative control of input variables. The speed curve is smoother than the 

NEDC speed profile. Table 3 compares the energy consumption cost based on three strategies. Compared with the 

D-EMS, the Co-EMS (Unconstrained) saves 7.32% energy consumption with the time reduction of 3.82%, and the 

Co-EMS (Constrained) saves 6.81% energy consumption with the time reduction of 0.62%. Note that the 

optimization effect of the energy consumption cost also depends on the specified speed limit range. A larger speed 

limit range can certainly achieve better energy consumption economy. From this point of view, both Co-EMSs can 

finish the co-optimization job with superior performance, and the Co-EMS (Unconstrained) performs slightly better 

than the Co-EMS (Constrained) in terms of no matter energy consumption or time cost.  
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Fig. 13. Simulation results under the blended mode. (a) Solution speed; (b) Torque distribution. 

Table 3 Comparison of energy consumption cost under the blended mode with the initial SOC of 0.7. 

Control strategy 
Electric Cost 

(CNY) 

Fuel Cost 

(CNY) 
Total Cost (CNY) 

Distance 

(km) 
Time (s) 

D-EMS 2.57 7.12 9.69 54.66 5925.00 

Co-EMS (Unconstrained) 2.57 6.04 8.98 (↓7.32%) 54.66 6151.49 (↑3.82%) 

Co-EMS (Constrained) 2.57 6.46 9.03 (↓6.81%) 54.66 5962.23 (↑0.62%) 

 

In addition, the influence of different driving cycles on the optimization effect of the proposed strategy is also 

examined. To ensure that the driving distance exceeds the all electric driving distance, 8 consecutive urban 

dynamometer driving schedule (UDDS) driving cycles and 6 consecutive highway fuel economy test (HWFET) 

driving cycles are selected in this study. The energy consumption cost based on the three strategies under the two 
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driving cycles are shown in Table 4, and the initial SOC is also set to 0.7. In the UDDS cycle, compared with the D-

EMS, the proposed Co-EMS (Unconstrained) saves 10.85% energy consumption with the time reduction of 4.13%, 

and the Co-EMS (Constrained)) saves 9.22% energy consumption with the time increment of 0.45%. While in the 

HWFET cycle, compared with the D-EMS, the Co-EMS (Unconstrained) can save 9.86% energy consumption with 

the time loss of 5.29%. These results manifest that the proposed collaborative optimization strategy enables the 

vehicle to reach the destination within the specified time and with higher fuel economy under different driving cycles. 

Table 4 Comparison of energy consumption cost in UDDS and HWFET with the initial SOC of 0.7. 

Driving 

Cycle 
Control strategy 

Electric Cost 

(CNY) 

Fuel Cost 

(CNY) 

Total Cost 

(CNY) 

Distance 

(km) 
Time (s) 

UDDS 

D-EMS  2.61 2.92 5.53 59.60 10960.00 

Co-EMS (Unconstrained) 2.61 2.32 4.93 (↓10.85%) 59.60 11412.53 (↑4.13%) 

Co-EMS (Constrained) 2.61 2.41 5.02 (↓9.22%) 59.60 11009.86 (↑0.45%) 

HWFET 

D-EMS 2.61 3.78 6.39 61.54 4596.00 

Co-EMS (Unconstrained) 2.61 3.15 5.76 (↓9.86%) 61.54 4839.12 (↑5.29%) 

Co-EMS (Constrained) 2.61 3.26 5.87 (↓8.14%) 61.54 4612.80 (↑0.36%) 

 

To sum up, the proposed collaborative optimization strategy can achieve autonomous planning of speed curve, 

and cooperative torque distribution in the premise of constraining the terminal state under the three working modes. 

Compared with the D-EMS, the comprehensive energy consumption economy of the proposed collaborative strategy 

is significantly improved. Moreover, the energy consumption economy of the collaborative optimization strategy is 

also justified under different driving cycles. 

 

5. Conclusions 

This paper proposes a collaborative optimization energy management strategy based on iterative dynamic 

programming for intelligent connected plug-in hybrid electric vehicles. The collaborative optimization strategy based 

on iterative dynamic programming is designed in space domain to achieve the simultaneous speed planning and 

torque distribution. By adding the time adjustment factor to the cost function, the vehicle can reach the destination 

with the expected driving time, thus advancing the practical significance of the control strategy. The simulation results 

show that the proposed cooperative optimization energy management strategy can realize the cooperative control of 

each input variable effectively. Compared with the traditional energy management strategy, the proposed 

collaborative optimization energy management strategy can respectively reduce the energy consumption cost by 

12.75%, 12.42%, and 6.81% under all-electric, charge sustaining and blended modes, thus verifying the advantages 

and effectiveness of the proposed strategy. Additionally, the proposed collaborative optimization energy management 
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strategy is not only applicable to connected plug-in hybrid electric vehicles, but also applicable to other intelligent 

connected vehicles. 

However, it is worth noting that the computational cost of the proposed energy management strategy is still high. 

Hence, the following research will concentrate on improving the calculation efficiency when applying in practice. 

Moreover, in terms of energy management of intelligent connected plug-in hybrid electric vehicles, this paper only 

makes a systematic study on iterative dynamic programming based on the specific driving cycles. The feasibility of 

the proposed strategy under the real driving environment will also be investigated in the future. 
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